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This paper presents an adaptive disturbance rejection control architecture for a flying vehicle to track a

maneuvering target using a monocular camera as a visual sensor. Viewing the target’s velocity as a time-varying

disturbance, the change in magnitude of which has a bounded integral, a guidance law is derived that guarantees

asymptotic tracking of the target in the presence of measurement noise and an intelligent excitation signal in the

reference input. Implementation of the guidance law is done via conventional adaptive block backstepping.

Simulations illustrate the benefits of the method.

I. Introduction

O NE of the most challenging problems in the unmanned air
vehicle (UAV) or micro air vehicle (MAV) development is the

design of a vision-based guidance system that is capable of tracking a
maneuvering target using only visual information. The main
difference between the problem of visual tracking and the standard
tracking problems is the way the feedback signal is measured. Visual
tracking is done via imaging sensors, which involves a projection of a
three-dimensional object onto a two-dimensional plane, con-
sequently rendering the range between the two flying objects
unobservable. In addition, we note that the range information has to
be extracted via computer vision algorithms before being used in the
control loop. Consequently, from the classical control theoretical
point of view, one can formulate this as a disturbance rejection/
attenuation problem in the presence of a highly uncertain time-
varying disturbance associated with unpredictable target dynamics.

The target tracking problem (without the visual sensors) is a
relatively old one, and there is extensive literature in this field,
addressing the topic from various perspectives. The fundamental
issue in this problem is the lack of complete information about the
target’s dynamics. We note that, dependent upon the choice of the
coordinate system, either the system dynamics or the measurement
are nonlinear. For example, in Cartesian coordinates the dynamic
equations are linear, but the observation model is nonlinear [1,2],
whereas in the spherical coordinate system the observation model is
linear at the expense of a highly nonlinear dynamic model [3–5]. In
most cases, the extended Kalman filter (EKF) or modified EKF has
been the main tool for extracting necessary information about the
target dynamics. Modifications of EKF include adaptive EKFs [6],
multiple model adaptive estimators which identify the target
maneuver based on some prestored models [7,8], iterated extended
Kalman filter (IEKF) which has an improved performance and a
better accuracy [9], or two-step optimal estimators that divide the
estimation into a “linear first step” using the standard Kalman filter
and a “nonlinear second step” that treats states estimated via the
Kalman filter as measurements for the nonlinear least-squares fit [1].

Convergence properties for EKF have been proven in [10] for linear
deterministic models with unknown coefficients in a discrete-time
setting. Because with visual sensors the state-space representation
for the system is nonlinear either in the states (spherical coordinate
system [3–5]) or in the measurement equation (Cartesian coordinate
system [1,2]), the results from [10] cannot be usedwithout additional
asymptotic analysis.

It has been observed that the relative range is unobservable from
the bearing-only measurement (for example, see [3]), and a special
type of ownship maneuvers is required to overcome this issue.
Another way is to look for additional information that can be
extracted from the image processing algorithm. Betser et al. [11]
have used the maximum angle subtended by the target in the image
plane. This angular measurement relates the unobservable range to
the unknown target’s geometric size, rendering the relative range
observable if the target’s geometry is known. Unfortunately, this is
generally not the case, and special types of maneuvers are required
from the follower to overcome the unobservability even if the target
maintains constant velocity. These maneuvers are called excitation

of the reference signal in the adaptive control framework. In [12], the
notion of intelligent excitation has been introduced to replace the
stringent requirement for the persistent excitation, which is the
common tool in adaptive control for achieving parameter conver-
gence. The amplitude of this excitation ismodulated dependent upon
the tracking error, and therefore guarantees simultaneous parameter
convergence and reference command tracking.

In UAV applications, vision-based algorithms have been used for
path planning and the vehicle’s state estimation in unknown
environments. The authors in [13–15] have used a combination of
methods from the statistical learning theory [16] and structure-from-
motion (SFM) algorithms to do map/image reconstruction and
estimation of the vehicle’s states in the absence of any tracking tasks.
In [14], an implicit extendedKalmanfilter and epipolar constraint are
used for the state estimation of theUAV.A brief overview of feature-
point tracking and SFM algorithms, which can be applied to the
problem of aerial vehicles’ state estimation, can be found in [13]. In
the visual target tracking problems, existing results mainly consider
target motions with constant velocity [3,11] or model the target’s
acceleration as a zero-mean Gaussian process [17]. Adaptive output
feedback control framework has been explored in [17–19] under a
certain set of assumptions about the target dynamics. The derived
controller guarantees trackingwith ultimately bounded error, but this
bound cannot be quantified.

In this paper, we consider the tracking problem of a maneuvering
target using only visual information about the target. The target’s
velocity is viewed as a time-varying disturbance that can be
decomposed into sum of a constant term and a time-varying term that
has bounded integral of its 2-norm over time. Scaling the relative
states by the unknown target size reformulates the problem into a
framework with an information deficit in the reference commands.
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Additionally, the problem is complicated by the presence of
unknown time-varying disturbances associated with the target’s
velocity and the measurement noise. The outer-loop control uses the
adaptive synthesis approach developed in [20] to derive a guidance
law that rejects the time-varying disturbances and, as a result,
guarantees asymptotic tracking of estimated reference commands.
Introducing an intelligent excitation signal [12] in the reference input
guarantees simultaneous convergence of the estimated reference
commands to the true ones and convergence of the true tracking error
to zero. The inner-loop control for the implementation of the
guidance law on a full nonlinear model of an aircraft is performed
using adaptive backstepping with radial basis function (RBF) neural
networks for the approximation of modeling uncertainties and
atmospheric turbulence.

The rest of the paper is organized as follows. First, we give the
problem formulation and the state-space representation. Then, the
adaptive disturbance rejection guidance law is presented, and the
relevant parameter convergence is analyzed. Next, the approach is
extended to the case of noisy measurements. Finally, adaptive
backstepping is presented for derivation of the inner-loop
controllers. Simulation results demonstrate the performance of the
guidance law.

Throughout the paper, bold symbols denote vector quantities.

II. Problem Formulation

In a kinematic setting, the equation of motion for the flying target
is given by

_R T�t� � VT�t�; RT�0� �RT0 (1)

where RT�t� � xT�t� yT�t� zT�t�
� �> and VT�t��

VTx �t� VTy �t� VTz�t�
� �> are, respectively, the position and
velocity vectors of the target’s center of gravity in some inertial frame
FE � �xE; yE; zE� (Fig. 1). An autonomous aerial vehicle, called in
the sequel a follower, is described by the equation

_R F�t� � VF�t�; RF�0� �RF0
(2)

where RF�t� � xF�t� yF�t� zF�t�
� �> and VF�t��

VFx�t� VFy�t� VFz�t�
� �> are, respectively, the follower’s
position and velocity vectors in the same inertial frame FE (Fig. 1).

We assume that the follower canmeasure its own states and can get
visual information about the target via a single camera that is fixed on
the follower with its optical axis parallel to the follower’s
longitudinal xB axis of the body frame FB � �xB; yB; zB�, and its
optical center fixed at the follower’s center of gravity. Then the body
frame can be chosen coincident with the camera frame (Fig. 1). It is
assumed that the image processing algorithm associated with the
camera provides three measurements in real time. These are the pixel
coordinates of the image centroid �yI; zI� in the image plane and the
image length bI in pixels (Fig. 2). Assuming that the camera focal
length l is known, the bearing angle �, the elevation angle # can be
expressed via the measurements through the geometric relationships
(Fig. 1):

tan�� yI
l
; tan#� zI���������������

l2 � y2I
p (3)

The target’s relative position with respect to the follower is given by
the inertial vector (see Fig. 1)

R �RT � RF (4)

Hence, the relative dynamics in the inertial frame is given by the
equation

_R�t� � VT�t� � VF�t�; R�0� �R0 (5)

where the initial conditions are given by R0 �RT0 � RF0
.

We notice that the relative position R and the relative velocity V
are notmeasurable, because no information about the target’smotion
is assumed except for the visual measurements yI, zI , bI . However,
the relative positionR can be related to themeasurements yI , zI , bI as
follows. From the geometric considerations, we observe that the
relative range R� kRk can be expressed as

R� bT
bI

��������������������������
l2 � y2I � z2I

q
≜ bTaI (6)

where bT > 0 is the maximum apparent size of the target that is
assumed to be a constant. Therefore, the relative position can be
expressed in the follower’s body frame as follows

R B � RTIB � bTaITIB (7)

where the vector TIB is defined as

T IB �
cos# cos�
cos# sin�
� sin#

2
4

3
5 (8)

Using the coordinate transformation matrix LB=E from the inertial
frame FE to the follower’s body frame FB

LB=E �
c�s c�c �s�

s�s�c � c�s s�s�s � c�c s�c�
c�s�c � s�s c�s�s � s�c c�c�

2
4

3
5

where for the sake of brevity we use s for sin function and c for cos
function, and �, �,  are the Euler angles associated with the frame
FB [21] (p. 313), the inertial relative position vectorR can be written
as

R � L>B=ERB � bTaIL>B=ETIB (9)

In this form the relative position is computable up to the unknown
scaling factorbT . Therefore, we introduce the scaled relative position
vector r�t� �R�t�=bT , the dynamics of which are written as

_r�t� � 1

bT
�VT�t� � VF�t��; r�0� � r0 (10)

where r0 �R0=bT . The vector r is related to the visual
measurements via the following algebraic equation

r � aIL>B=ETIB (11)
Fig. 1 Coordinate frames and angles definition.

Fig. 2 Camera frame and measurements.
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and hence is available for feedback. However, the system (10) still
involves the unknown velocity VT�t�. In addition, it depends upon
the unknown constant parameter bT .

The follower’s objective is to maintain a desired relative position
with respect to the target, which can be given either in the inertial
frame FE in the form of the vector command Rcom�t� or in the
follower’s body frame in the form of the relative range command
Rcom�t�, in addition to the bearing and the elevation commands
�com�t� and #com�t�, respectively. In the latter case the reference
commands need to be translated to the inertial frame as follows

R com�t� � Rcom�t�L>B=ETIBc (12)

where the vector TIBc is defined according to Eq. (8) with � and #
replaced by �com�t� and #com�t�, respectively. In general, the
reference commands are functions of time that are assumed to be
bounded and smooth. In particular, for the formation flight Rcom �
constant and for the target interception problem Rcom � 0. In any
case these commands must be scaled by the unknown parameter bT
to match the scaled relative dynamics in system (10).

The follower’s objective is split into two steps: first, to design a
guidance law in the form of the inertial velocity command and
second, to design the actual control surface deflections u�
�T �e �a �r
� �> for the follower to implement the guidance law
from the first step. Here, as usual, �T , �e, �a, and �r are, respectively,
the follower’s throttle, elevator, aileron, and rudder deflections. To
this end, we formulate the guidance problem viewing the follower’s
velocity VF�t� as the control input and the target’s velocity VT�t� as
an unknown time-varying disturbance.

Problem 1. Design a guidance law VF�t� such that the scaled
relative position vector r�t� tracks the reference command rcom�t�
regardless of the realization of the target’s velocity VT�t�, subject to
the following assumption.

Assumption 1. Assume that the target’s inertial velocity VT�t� is a
bounded function of time and has a bounded time derivative, i.e.,

VT�t�, _VT�t� 2 L1. Furthermore, assume that any maneuver made
by the target is such that the velocity returns to some constant value in
finite time or asymptotically in infinite time with a rate sufficient for
the integral of the magnitude of velocity change to be finite. □

Because bT is just a constant, for the convenience in proofs, this
assumption is formulated for the function �1=bT�VT�t� as follows:

1

bT
VT�t� � d� ��t� (13)

where d 2 R3 is an unknown but otherwise constant vector and
��t� 2 L2 is an unknown time-varying term. For example, any
obstacle or collision avoidance can be viewed as such a maneuver,
provided that after the maneuver the target velocity returns to a
constant in finite time or asymptotically in infinite time subject to

��t� 2 L2�R3�. Because VT�t�, _VT�t� 2 L1, it follows that ��t�,
_��t� 2 L1. Therefore, applying the corollary of Barbalat’s lemma
from [22] (p. 19), we conclude that

� �t� ! 0; t!1 (14)

From the control theoretical point of view, this problem can be
considered in the state feedback framework as a simultaneous
tracking and disturbance rejection problem for a multi-input multi-
output linear systemwith positive but unknown high-frequency gain
in each control channel. In addition, the reference command rcom�t�
depends upon the unknown parameter bT . The solution to this
problem is the inertial velocity command for the follower that
guarantees an asymptotic tracking.

The second problem is formulated as follows.
Problem 2. Design a control surface deflection command u�
�T �e �a �r
� �> such that the follower’s inertial velocity tracks
the guidance command VF�t� regardless of the modeling
uncertainties and atmospheric turbulence resulting from the target’s
motion.

The solution to this problem will require translation of the
guidance law into a reference command, more convenient for the
flight control design.

Remark 1.We note that the conventional guidance laws require the
measurements of relative range, the line of sight angle rate, the
knowledge of time to go, and the target’s acceleration bound. These
quantities cannot be measured by a single camera, which is assumed
to be the only sensor giving information about the target’s dynamics.

III. Guidance Law

A. Disturbance Rejection Guidance Law for Known Reference
Commands

Let rcom�t� be a continuously differentiable bounded known
reference signal of interest to track. This corresponds to the case in
which the target’s size is known. The controller developed in [20]
rejects time-varying disturbances ��t� 2 L2

T
L1. Here, using the

projection-based classical adaptive laws from [23], we estimate the
constant disturbance d and reject ��t�, simultaneously. The tracking
guidance law is defined by

VF�t� � b̂�t�g�t�

g�t� � ke�t� � d̂�t� � _rcom�t�
(15)

where e�t� � r�t� � rcom�t� 2 R3 is the tracking error, b̂�t� 2 R and

d̂�t� 2 R3 are the estimates of the unknown parameter bT , and the
nominal disturbance d, respectively, k > 0 is the control gain.
Substituting the guidance law fromEq. (15) into relative dynamics in
system (10), the error dynamics can be written as

_e�t� � d� ��t� � ke�t� � d̂�t� �
~b�t�
bT
g�t� (16)

The adaptive laws for the estimates b̂�t� and d̂�t� are given as
follows:

_̂
b�t� � �Proj�b̂�t�; e>�t�g�t��; b̂�0� � b̂0 > 0

_̂
d�t� �GProj�d̂�t�; e�t��; d̂�0� � d̂0

(17)

where � > 0 is a constant (adaptation gain), G is a positive definite
matrix (adaptation gain), and Proj��; �� denotes the projection
operator [23] (see Appendix).

Now we are ready to state the main theorem.
Theorem 1. The adaptive guidance law given byEqs. (15) and (17)

guarantees global uniform ultimate boundedness of all error signals
in the systems (16) and (17) and asymptotic tracking of the reference
trajectory rcom�t�. □

Proof. Letting ~b�t� � b̂�t� � bT and ~d�t� � d̂�t� � d, the error
dynamics take the form

_e�t� � �ke�t� � ~d�t� � ��t� �
~b�t�
bT
g�t� (18)

Consider the following Lyapunov function candidate:

V1�e; ~b; ~d� �
1

2
e>�t�e�t� � 1

2�bT
~b2�t� � 1

2
~d
>�t�G�1 ~d�t�

Its derivative along the trajectories of the systems (15) and (16) has
the form
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_V 1�t� � �ke>�t�e�t� � e>�t� ~d�t� �
~b�t�
bT
e>�t�g�t� � e>�t���t�

�
~b�t�
�bT

_̂
b�t� � ~d

>�t�G�1 _̂d�t� � �ke>�t�e�t� � e>�t���t�

�
~b�t�
bT
��e>�t�g�t� � Proj�b̂�t�; e>�t�g�t��� � ~d

>�t���e�t�

� Proj�d̂�t�; e�t���
(19)

Using the properties in Eqs. (A8) and (A10) (see Appendix) and
completing the squares in Eq. (19), the following inequality can be
written:

_V 1�t� 	 �k1ke�t�k2 � c21k��t�k2 (20)

where c1 is a positive constant such that k1 � k � 1=�4c21�> 0. In the
preceding derivation, the following inequality has been used:

e >� 	 1

4c21
e>e� c21�>�

Because ��t� 2 L1, there exists some � > 0 such that
c1 k ��t� k	 �. Also, from the inequalities in Eqs. (A8) and (A10),

it follows that k ~b�t�k 	 ~b
 and k ~d�t�k 	 ~d
, where ~b
 and ~d
 are
some positive constants. From the relationship in Eq. (20), it follows

that _V1�t� 	 0 outside the compact set

�� f�e; ~b; ~d�: kek 	 ������
k1
p ; k ~b�t�k 	 ~b
; k ~d�t�k 	 ~d
g

Hence, all the signals e�t�, ~b�t�, ~d�t�, g�t� in the systems (15) and
(16) are uniformly ultimately bounded. FromEq. (18), it follows that
_e�t� is bounded. Integrating Eq. (20), we getZ

t

0

k1ke���k2 d� 	 V1�0� � V1�t� �
Z
t

0

c21k����k2 d�

	 V1�0� �
Z
t

0

c21k����k2 d� (21)

Because ��t� 2 L2, from Eq. (21) we have

lim
t!1

Z
t

0

k1ke���k2 d� <1 (22)

Thus, e�t� 2 L2�R3�
T

L1�R3�. Also, the error dynamics in
Eq. (18) imply that _e�t� 2 L1�R3�. Application of Barbalat’s lemma
[22] ensures that e�t� ! 0 as t!1, and therefore, r�t� ! rcom�t�
as t!1. The proof is complete.

B. Visual Guidance Law

In the case of visual measurement, as discussed in the preceding
section, rcom�t� depends upon the unknown geometric size of the
target, and therefore is not available for the guidance law in Eq. (15).
For the given reference commands Rcom�t�, one can consider

estimated reference commands r̂com�t� using b̂�t� as follows:

r̂ com�t� �
1

b̂�t�
Rcom�t� (23)

From the inequality in Eq. (A10) it follows that b̂�t� is bounded away
from zero, hence the estimated reference command r̂com�t� is well
defined. Moreover, it is continuously differentiable, with its
derivative calculated as follows:

_̂r com�t� �
1

b̂�t�
_Rcom�t� �

1

b̂
2�t�

_̂
b�t�Rcom�t� (24)

According to Theorem 1, the guidance law in Eq. (15) with rcom�t�
replaced by r̂com�t� and _rcom�t� replaced by _̂rcom�t� guarantees the
convergence of r�t� to r̂com�t�. However, the convergence of r�t� to
rcom�t� is not guaranteed, unless r̂com�t� converges to rcom�t�. The
latter can take place in the presence of parameter convergence, i.e.,

when the parameter estimate b̂�t� converges to the true value bT .
Thus, the visual tracking problem can be solved if one ensures that

b̂�t� ! bT as t!1. A discussion on this is provided in the next
section. First, we need the following auxiliary result. We need to
prove that as t!1, the Lyapunov function V1�t� has a finite limit.

Lemma 1. There exists a constant �V1 � 0 such that

lim
t!1

V1�e�t�; ~b�t�; ~d�t�� � �V1
□

Proof. Introduce a function s�t� as follows:

s�t� � � _V1�t� � k1ke�t�k2 � c21k��t�k2 (25)

From the upper bound in Eq. (20), it follows that s�t� � 0. This
implies that Z

t

0

s��� d�

is a monotonous (nondecreasing) function of t. Integration of the
equation in Eq. (25) results inZ

t

0

s��� d� ��V1�t� � V1�0� �
Z
t

0

h
�k1ke���k2 � c21k����k2

i
d�

(26)

It follows from Theorem 1 that V1�t� is bounded, whereas e�t�,
��t� 2 L2. Therefore, Z

t

0

s��� d�

is bounded. Hence,

lim
t!1

Z
t

0

s��� d�

exists. Therefore,

�V1 � lim
t!1

V1�t� � V1�0� � lim
t!1

Z
t

0

s��� d�

� lim
t!1

Z
t

0

h
�k1ke���k2 � c21k����k2

i
d� (27)

also exists. The proof is complete.

IV. Parameter Convergence

Theorem 1 guarantees convergence of the tracking error e�t� to
zero but not of the estimation errors ~b�t� or ~d�t�. Instead, it

guarantees convergence of
_~b�t� and _~d�t� to zero. In this section, we

prove that if _̂rcom�t� ! 0 as t!1, then the parameter estimates

b̂�t� and d̂�t� in the systems (15) and (16) converge to some constant

values �b and �d� �dx �dy �dz
� �>, respectively, but not necessarily

to the true values bT and d. To prove this result, we need the
following Extended Barbalat’s lemma from [24]:

Lemma 2 (Extended Barbalat’s lemma). Let ’�t� be a real
piecewise continuous function of real variable t and defined for
t � t0, t0 2 R. Assume that ’�t� can be decomposed as
’�t� � ’1�t� � ’2�t�, where ’1�t� is uniformly continuous for t �
t0 and ’2�t� satisfies

lim
t!1

’2�t� � 0

If
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lim
t!1

Z
t

t0

’��� d�

exists and is finite, then

lim
t!1

’�t� � 0

□

A proof of this lemma is given in [24].
Lemma 3. The adaptive controller in Eqs. (15) and (17) guarantees

convergence of parameter estimates b̂�t� and d̂�t� to constant values,
provided that _̂rcom�t� ! 0 as t!1. □

Proof. From Theorem 1 it follows that all the signals in the system

are bounded; therefore,
_̂
b�t� and _̂

d�t� are bounded, implying uniform

continuity of the signals b̂�t�, ~b�t�, d̂�t�, and ~d�t�. The error
dynamics in Eq. (16) can be written in the form

_e�t� � ’1�t� � ’2�t� (28)

where

’1�t� � � ~d�t� �
~b�t�
bT
d̂�t�

’2�t� �
�
�1 �

~b�t�
bT

�
ke�t� � ��t� �

~b�t�
bT

_̂rcom�t�

The function ’1�t� is uniformly continuous because it is a sum of
uniformly continuous functions. Also, because e�t� ! 0, ��t� ! 0,

and _̂rcom�t� ! 0, then ’2�t� ! 0 as t!1. Thus, the error e�t� has
a finite limit as t!1, and application of Lemma 2 implies that
_e�t� ! 0 as t!1. Hence, as t!1, the error dynamics in
Eq. (28) reduce to

~d�t� �
~b�t�
bT
d̂�t� ! 0 (29)

With d̂�t� � d� ~d�t�, the relationship in Eq. (29) can be
transformed into

b̂�t� ~d�t� � ~b�t�d! 0; t!1 (30)

Fix arbitrary " > 0. The limit in Eq. (30) implies that there exists a
time instance T1�"� such that for all t > T1�"�

kb̂�t� ~d�t� � ~b�t�dk < " (31)

We recall that according to the inequality in Eq. (A10), b̂�t� �
bmin > 0 for every t > 0. Let t > T1�"�. The relationship in Eq. (31)
can be written componentwise, e.g., for x, as follows:

jb̂�t� ~dx�t� � ~b�t�dxj< " (32)

Upon some algebra in Eq. (32), the following inequality can be
derived:

~b2�t�
b̂
2�t�

d2x � �x�"�< ~d2x�t�<
~b2�t�
b̂
2�t�

d2x � �x�"� (33)

where

�x�"� �
j"2 � 2"dxj

b2min

and obviously �x�"� ! 0 as "! 0. The same type of inequalities can

be written for the other two components of ~d�t�. From Lemma 1, it
follows that for the same " chosen in the preceding equations, there
exists a time instance T2�"� such that for t > T2�"����� 1

2�bT
~b2�t� � 1

2
~d
>�t�G�1 ~d�t� � �V1

����<" (34)

For the given ", the time instances T1�"� and T2�"�may be different.
Choosing the largest one and denoting T3�"� �max�T1�"�; T2�"��,
all of the preceding and the following conclusions remain valid for all
t > T3�"�.

LetG be a diagonal matrix with positive elements g11, g22, g33 on
the main diagonal. This is usually the case for the adaptive gains in
the update laws. Then, taking into account the inequality in Eq. (33),
it follows from the inequality in Eq. (34) that for all t > T3�"����� 1

2�bT
~b2�t� � 1

2
d>G�1d

~b2�t�
b̂
2�t�
� �V1

����<"� ��"� (35)

where

��"� � 1

2
�g11�x�"� � g22�y�"� � g33�z�"��

which implies that

�bT � ~b�t��2 ~b2�t� � c2 ~b2�t� � c3�bT � ~b�t��2 ! 0 (36)

where c2 � bT�d>G�1d > 0, c3 � 2�bT �V1 > 0. Consider the
function p�	� � �bT � 	�2	2 � c2	2 � c3�bT � 	�2. It is a monic
polynomial of fourth order in 	, and takes a negative value at 	� 0.
Therefore, it has at least two real roots. In general, it can be
represented in the case of four real roots as p�	� � �	 � b1��	 �
b2��	 � b3��	 � b4� or in the case of two real roots as
p�	� � �	 � b1��	 � b2�q�	�, where q�	� is a monic quadratic
polynomial with no real roots. Thus, there exists some positive
constant 
, such that q�	� � 
 for all values of 	. First, consider the
case of four real roots. The relationship in Eq. (36) implies that for an
arbitrary positive number ", there exists a time instance T3�"�, such
that for all t > T3�"�

j� ~b�t� � b1�� ~b�t� � b2�� ~b�t� � b3�� ~b�t� � b4�j< " (37)

or, equivalently,

j ~b�t� � b1jj ~b�t� � b2jj ~b�t� � b3jj ~b�t� � b4j< " (38)

This implies that

j ~b�t� � bkj �min
i
�j ~b�t� � bij; i� 1; . . . ; 4�< "1=4 (39)

Because " is an arbitrarily small number, the inequality in Eq. (39)

implies that ~b�t� ! bk as t!1. Notice, that because ~b�t� is a
continuous function, it cannot simultaneously converge to two
distinct constants. That is, only one of the factors in Eq. (38) can be
arbitrarily small. The case of two real roots can be handled similarly.

This implies that the parameter error ~b�t� converges to some constant

value, and so does the parameter estimate b̂�t�, that is, b̂�t� ! �b as

t!1, where �b is some constant. From Eq. (30) it follows that d̂�t�
converges to some constant vector �d as well.

Remark 2. In the special case of formation flight, the reference

commandRcom is constant. FromTheorem 1 it follows that
_~b�t� ! 0

as t!1, implying that
_̂
b�t� ! 0. Then, the relationships in

Eq. (24) imply that _̂rcom�t� ! 0 as t!1. □

Lemma 3 states that the parameter estimates converge to a point

within the set described by the equation �b �d�bTd, if _̂rcom�t� ! 0 as

t!1. However, �b� bT and �d� d are not guaranteed. Thus, for
the convergence of parameter estimates to true values, we need to
provide some excitation in the form of sinusoidal components in the

reference signal to prevent _̂rcom�t� ! 0 [25]. The next lemma shows
that in the special case of formation flight, exciting the reference
commandRcom only in one direction is sufficient for the convergence
of all the parameters to their respective true values. Thus, for the
given constant reference command Rcom the “excited” reference
command is defined as follows:

R 
com�t� �Rcom � a sin�!t�E (40)
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wherea is the excitation amplitude,! is the excitation frequency, and
the vectorE specifies the direction of the excitation. For instance, we
can excite only the reference command in the x direction by setting
E� �1 0 0�> .

Lemma 4. If Rcom is constant, then for the reference command
R
com�t�, the adaptive controller in Eq. (15) guarantees the
convergence of parameter errors to zero. □

Proof. The adaptive controller in Eq. (15) guarantees the
convergence of the tracking error to zero as t!1 (Theorem 1),

which consequently implies that
_̂
b�t� ! 0. According to the

equations in Eq. (24), the derivative of the estimated reference

command _̂rcom�t� is represented as a sum of two terms:
_̂rcom�t� � _̂rcom1�t� � _̂rcom2�t�, where

_̂r com1�t� �
1

b̂�t�
a! cos�!t�E; _̂rcom2�t� � �

_̂
b�t�
b̂
2�t�

R
com�t�

It is easy to see that _̂rcom1�t� is uniformly continuous, because 1=b̂�t�
and cos�!t� are uniformly continuous, and _̂rcom2�t� ! 0 as t!1,

because b̂�t� is bounded away from zero and
_̂
b�t� ! 0. Thus, the

error dynamics in Eq. (16) can be represented as

_e�t� � ’1�t� � ’2�t� (41)

where

’ 1�t� � � ~d�t� �
~b�t�
bT
�d̂�t� � _̂rcom1�t��

is uniformly continuous, whereas

’ 2�t� �
�
�1 �

~b�t�
bT

�
ke�t� � ��t� �

~b�t�
bT

_̂rcom2�t� ! 0

as t!1. Application of Extended Barbalat’s lemma implies that
_e�t� ! 0 as t!1. Therefore, the error dynamics reduce to

� ~d�t� �
~b�t�
bT
�d̂�t� � _̂rcom1�t�� ! 0; t!1 (42)

Without loss of generality, we letE� 1 0 0
� �>. Consider the x

component of the vector relationship in Eq. (42):

~d x�t� �
~b�t�
bT
�d̂x�t� �

a!

b̂�t�
cos�!t�� ! 0 (43)

With the help of d̂�t� � d� ~d�t� and b̂�t� � bT � ~b�t�, it can be
transformed into the form

b̂�t� ~dx�t� � ~b�t�
�
dx �

a!

b̂�t�
cos�!t�

�
! 0 (44)

which can be equivalently written in inner product form as follows:�
b̂�t�

dx � a!

b̂�t� cos�!t�

�> ~dx�t�
~b�t�

� �
! 0 (45)

We note that the vector

h �t� � b̂�t� dx � a!

b̂�t� cos�!t�
h i>

is persistently exciting, i.e., there exists positive constants c4, c5, T
such that the inequalities

c4 �
Z
t�T

t

�h>����e�2 d� � c5 (46)

hold for all �e � 	e1 	e2
� �> with k�ek � 1 and t � 0. Indeed, the left

side of the inequality in Eq. (46) follows from the fact that all the

signals in the system are bounded; hence, there exists a positive
constant c6 such that kh�t�k 	 c6. Therefore,Z

t�T

t

�h>����e�2 d� 	
Z
t�T

t

kh>���k2k�ek2 d� 	 c26T

And so, c4 can be chosen equal to c
2
6T. To prove the right-hand side

of the inequality in Eq. (46), we write

I�t; T� �
Z
t�T

t

�h>����e�2 d� �
Z
t�T

t

h
	e1b̂��� � 	e2 dx

i
2
d�

� a2!2
	
	e2



2
Z
t�T

t

1

b̂
2���

cos2�!�� d�

� 2a!	e1	
e
2

Z
t�T

t

cos�!�� d�

� 2a!
	
	e2



2
dx

Z
t�T

t

1

b̂���
cos�!�� d� (47)

From the inequality in Eq. (A10), we deduce the following lower
bound for the integral I�t; T�:

I�t; T� �
Z
t�T

t

h
	e1b̂��� � 	e2 d0x

i
2
d�

� a2!2
	
	e2



2 1

b2max

Z
t�T

t

cos2�!�� d�

� 2a!	e1	
e
2

Z
t�T

t

cos�!�� d�

� 2a!
	
	e2



2
dx

1

bmin

Z
t�T

t

cos�!�� d� (48)

Choosing T � �2�=!�m, where m is any positive integer, rendersZ
t�T

t

cos�!�� d� � 0;

Z
t�T

t

cos2�!�� d� � T
2

Therefore,

I�t; T� �
Z
t�T

t

�	ebb̂��� � 	e2 d0x�2 d� �
a2!2

	
	e2



2

2b2max

T

It is easy to see that if 	e2 � 0, then 	e1 � 1

I�t; T� �
Z
t�T

t

b̂
2��� d� � Tb2min

otherwise

I�t; T� �
a2!2

	
	e2



2

2b2max

T

Hence, for every �e there exists a positive constant c5 > 0 such that
I�t; T� � c5. Thus, Eq. (46) holds, and therefore, it follows from

Eq. (45) that ~dx�t� ! 0, ~b�t� ! 0 as t!1. Then, from the
remaining two components of the vector relationship in Eq. (29), it

follows that ~dy�t� ! 0, ~dz�t� ! 0. Hence, b̂�t� ! bT and
r̂com�t� ! �1=bT�R
com�t�. The proof is complete.

Remark 3. In applications, a persistently exciting signal is usually
undesirable because it deteriorates the tracking of the constant
reference command. Moreover, in visual control, it can easily lose
the moving target from the field of view. A recently developed
technique of intelligent excitation allows for controlling of the
amplitude of the excitation signal, dependent upon the convergence
of the output tracking error and parameter errors [12]. It also ensures
simultaneous convergence of the parameter and output tracking error
to zero. Next, in simulations, we incorporate this technique to ensure
parameter convergence. □
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Remark 4. For the target interception problem, the reference
command for the relative range is zero. Therefore rcom � 0 and,
hence _rcom � 0. Then, the guidance law

�VBF�t� � b̂�t�g�t�

g�t� � kr�t� � d̂�t�
_̂
b�t� � �Proj�b̂�t�; r>�t�g�t��
_̂
d�t� �GProj�d̂�t�; r�t��

(49)

guarantees boundedness of all the signals and convergence of the
relative states to zero: r�t� ! 0 as t!1. There is no need to
require parameter convergence, and hence, the need for introducing
an excitation signal disappears. □

Remark 5. We notice that with two cameras the target’s relative
position vector RB can be calculated from both camera
measurements, thus removing the unknown parametrization and
reducing the problem to simple disturbance rejection for a known
system. In this case, the relative range is proportional to the
separation of two cameras, whereas in the case of one camera it is
proportional to the target’s maximum size, as it can be seen from the
relationship in Eq. (6). Thus, if the follower has two cameras, the
relative range can be estimated with sufficient accuracy if the
follower has relatively large wing span; whereas in the case of a
MAV or a missile, the second camera may not add any useful
information, hence the tracking problem can be solved using the
proposed algorithm in this paper.

V. Measurement Noise

The guidance law derived in the preceding sections assumes
availability of perfect measurements from the visual sensor.
However, in realistic applications these measurements are corrupted
with noise. Therefore, instead of ideal measurements yI�t�, zI�t�,
bI�t� one should consider y
I �t� � yI�t� � ny�t�, z
I �t� � zI�t��
nz�t�, b
I �t� � bI�t� � nb�t�, where nI�t�≜ �ny�t� nz�t� nb�t��>
represents the vector of the noise components in the corresponding
measurements. Thus, the tracking problem should be addressed with
realistic measurements y
I �t�, z
I �t�, b
I �t�. Then the expressions in
Eqs. (3) and (6) are written as

tan�
�t� �
yI�t� � ny�t�

l

tan#
�t� � zI�t� � nz�t������������������������������������������
l2 � �yI�t� � ny�t��2

q

a
I �t� �

������������������������������������������������������������������������������
l2 � �yI�t� � ny�t��2 � �zI�t� � nz�t��2

q
bI�t� � nb�t�

(50)

The measurements of the scaled state vector r�t� are expressed in the
following form

r 
�t� � LE=Ba
I �t�T
BI��
�t�; #
�t��≜ LE=Bf�y
I �t�; z
I �t�; b
I �t��
(51)

where the vectorT
BI��
�t�; #
�t�� is defined similar toTBI in Eq. (8)
with �, # replaced by �
, #
, respectively. When the noise level is
small, one can expand the expressions in Eq. (51) into Taylor series
around the ideal measurements yI�t�, zI�t�, bI�t�:

r 
�t� � r�t� � LE=Brf�yI�t�; zI�t�; bI�t��nI�t� (52)

For the uncorrelated, zero-mean, Gaussian, white noise nI�t� with
the correlation matrix EfnI�t�n>I ���g � diag� �ny; �nz; �nb���t � ��,
where Ef�g denotes the mathematical expectation, �ny, �nz, �nb are
positive constants, and ���� is the Dirac delta function, the vector
nr�t� � LE=Brf�yI�t�; zI�t�; bI�t��nI�t� also represents a zero-
mean Gaussian, white noise process with the correlation matrix

Efnr�t�n>r ���g � Sn�t�diag� �ny; �nz; �nb�S>n �����t� ��, where
Sn�t� � LE=B�t�rf�yI�t�; zI�t�; bI�t��. Therefore, in the sequel, we
will assume that the scaled state vector r�t� is available with the
additive, zero-mean, Gaussian, white noise:

r 
�t� � r�t� � nr�t� (53)

with the correlation matrix Efnr�t�n>r ���g � Knr �t; ����t � ��,
Knr �t; ��> 0 for all t; � > 0. To modify the guidance law that can
accommodate the measurement noise, we introduce a state estimator
for the scaled state vector r�t� as follows:

_̂r�t� � d̂�t� � g�t� � Lf�r
�t� � r̂�t�� (54)

where the function g�t� and hence the guidance law are modified to
be

VF�t� � b̂�t�g�t�

g�t� � k�r̂�t� � rcom�t�� � d̂�t� � _̂rcom�t� (55)

and the gain matrix Lf is chosen to minimize the mean square
estimation error

Jn � Ef~r>�t� ~r�t�g (56)

where ~r�t� � r�t� � r̂�t� is the estimation error. The estimation error
dynamics can be written as follows

_~r�t� � �Lf ~r�t� � ~d�t� �
~b�t�
bT
g�t� � ��t� � Lfnr�t� (57)

With the modification in guidance law presented in Eq. (55), the
tracking error dynamics in Eq. (18) are modified as follows:

_e�t� � �ke�t� � k~r�t� � ~d�t� � ��t� �
~b�t�
bT
g�t� (58)

We combine both error dynamics into one equation

_� a�t� � Aa�a�t� � Ba
�
��t� � ~d�t� �

~b�t�
bT
g�t�

�
� Bnnr�t� (59)

where

� a �
e
~r

� �
; Aa �

�kI3�3 kI3�3
03�3 �Lf

� �

Ba �
I3�3
I3�3

� �
; Bn �

03�3
�Lf

� �

The adaptive laws are modified as follows:

_̂
b�t� � �Proj�b̂�t�; g�t�>B>a Pa�
a�t��
_̂
d�t� �GProj�d̂�t�; B>a Pa�
a�t��

(60)

where

� 
a �
r
 � rcom
r
 � r̂

� �
� e� nr

~r� nr

� �
� �a � Banr

and Pa is a symmetric positive definite matrix that solves the
Lyapunov equation

A>a Pa � PaAa ��Qa (61)

for the Hurwitz matrixAa and any symmetric positive definite matrix
Qa. Next, we prove that for any bounded nr�t�, all the signals in
Eqs. (59) and (60) are uniformly ultimately bounded.

Theorem 2. If nr�t� is bounded, the systems (59) and (60) are
uniformly ultimately bounded.Moreover, ifnr�t� � 0, the combined
error �a�t� asymptotically converges to zero. In addition, if the

1096 STEPANYAN AND HOVAKIMYAN



estimated reference command r̂com�t� is intelligently exciting, then

the parameter errors ~b�t� and ~d�t� converge to zero as well.
Proof. Consider the following Lyapunov function candidate

V2��a; ~b; ~d� � �>a �t�Pa�a�t� �
1

bT�
~b2�t� � ~d

>�t�G�1 ~d�t�

Its derivative along the trajectories of the systems (58–60) has the
form

_V2�t� � �>a �t�
	
A>a Pa � PaAa



�a�t� � 2�>a �t�PaBa

�
��t� � ~d�t�

�
~b�t�
bT
g�t�

�
� 2�>a �t�PaBnnr�t� �

2

�bT
~b�t� _~b�t�

� 2 ~d
>�t�G�1 _~d�t� � ��>a �t�Qa�a�t� � 2�>a �t�PaBa��t�

� 2�>a �t�PaBnnr�t� � 2
~b�t�
bT

�
�g>�t�B>a Pa�a�t� �

1

�
_̂
b�t�

�

� ~d
>�t�

h
�B>a Pa�a�t� �G�1

_̂
d�t�

i
(62)

Substituting the adaptive laws from Eq. (60), taking into account the
definition of �
a and using the properties of the projection operator in
Eqs. (A5) and (A6), the following upper bound can be derived:

_V2�t� 	 ��>a �t�Qa�a�t� � 2�>a �t�PaBa��t�

� 2

�
~b�t�
bT
g� d�t�

�>
B>a PaBanr�t� � 2�>a �t�PaBnnr�t�

(63)

From the properties of the projection operator, it follows that

k ~b�t�k 	 ~b
a and k ~d�t�k 	 ~d
a, where ~b
a and ~d
a are some positive
constants. Therefore, the derivative of V2 can be further upper
bounded as follows:

_V2�t� 	 ��min�Qa�k�a�t�k2

� 2

�
~b
a
bT
kgk � ~d
a

�
kB>a PaBakknr�t�k

� 2k�a�t�k�kPaBnkknr�t�k � kPaBakk��t�k�

where �min�Qa� denotes the minimum eigenvalue of the matrix Qa.

Because _Rcom�t� is assumed to be bounded, and the projection
operator in the adaptive law in Eq. (60) guarantees boundedness of

b̂�t� d̂�t�, there exist positive constants c7, c8 such that
kgk 	 c7k�a�t�k � c8. Therefore, the inequality in Eq. (64) can be
written as

_V2�t� 	 ��min�Qa�k�a�t�k2 � 2c9knr�t�k
� 2c10k	a�t�kknr�t�k � 2c11k�a�t�k��t�k

(64)

where

c9 � 2

 
~b
a
bT
c8 � ~d
a

!��B>a PaBa��
c11 � kPaBak, and c10 � � ~b
a=bT�c7kB>a PaBak � kPaBnk. Com-
pleting the squares in Eq. (64) yields

_V 2�t� 	 �kak�a�t�k2 � c210c212knr�t�k2 � c211c213k��t�k2

� 2c9knr�t�k (65)

where c12, c13 are positive constants such that

ka � �min�Qa� �
1

c212
� 1

c213
> 0

Because ��t� 2 L1, for any bounded nr�t� there exists some �a > 0
such that c210c

2
12knr�t�k2 � c211c213k��t�k2 � 2c9knr�t�k 	 �a. From

the relationship in Eq. (65), it follows that _V2�t� 	 0 outside the
compact set

��
�
��a; ~b; ~d�:k�ak 	

�a�����
ka
p ; k ~bk 	 ~b
; k ~dk 	 ~d





Hence all the signals �a�t�, ~b�t�, ~d�t�, g�t� in the systems (58–60) are

uniformly ultimately bounded. From Eq. (58) it follows that _�a�t� is
bounded as well.

If nr�t� � 0, the inequality in Eq. (65) reduces to

_V 2�t� 	 �kak�a�t�k2 � c211c213k��t�k2 (66)

which can be rearranged and integrated to yield

ka

Z
t

0

k�a���k2 d� 	 V2�0� � c211c213
Z
t

0

k����k2 d� (67)

Because ��t� 2 L2, from Eq. (67) we have

lim
t!1

Z
t

0

k�a���k2 d� <1 (68)

Thus, �a�t� 2 L2�R6�
T

L1�R6�. Also, the error dynamics in

Eq. (58) imply that _�a�t� 2 L1�R6�. Application of Barbalat’s
lemma [22] ensures that �a�t� ! 0 as t!1. If the estimated
reference command r̂com�t� is exciting in at least one component,
then the application of Lemma 3 will guarantee asymptotic
convergence of the parameter errors to zero. The proof is complete.□

To complete the guidance design, we show that the estimator gain
matrix Lf can be chosen according to Kalman’s scheme (see, for
example, [26]). To this end, we write the overall closed-loop error
dynamics for the state vector

� c � e> ~r> ~d
> ~b

� �> 2 R10

in the time-varying linear system form:

_� c�t� � Ac�t��c�t� � Bcnr�t� � B���t� ~r�t� � Cc�c�t� (69)

where

Ac�t� �
Aa � 1

bT
Ba � 1

bT
Bag�t�

G1�t� 03�3 03�1
G2�t� 01�3 0

2
4

3
5; Bc �

03�3
�Lf
03�3
01�3

2
664

3
775

Cc �

03�3
I3�3
03�3
01�3

2
664

3
775
T

; B� �
Ba
03�3
01�3

2
4

3
5

and 3 � 6 matrix G1�t� and 1 � 6 matrix G2�t� are defined through
the definition of the projection operator in the adaptive laws in
Eq. (60). Their explicit expressions are not presented here. Although
the closed-loop error dynamics are nonlinear, the linear form in
Eq. (69) can be justified by the fact that all the signals in the
systems (58–60) are bounded for all t � 0 as stated by Theorem 2.

The necessary condition for the estimate r̂�t� to be optimal in the
sense of minimizing the performance index Jn in Eq. (56) is that the
estimation errormust be orthogonal to themeasurement data (see, for
example, [26], p. 233), that is

Ef ~r�t�r
>���g � 0 (70)

for all � 	 t. Then, the estimation error correlation matrix K ~r�t; ��
can be computed as follows. Taking into account the orthogonality of
the estimator’s state for all � 	 t and the estimation error at time t,
and the necessary condition in Eq. (70), we write
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K ~r�t; �� � Ef ~r�t� ~r>���g � Ef ~r�t��r��� � r̂����>g
� Ef ~r�t��r
��� � nr��� � r̂����>g � �Ef ~r�t�n>r ���g (71)

The output ~r�t� of the linear system (69) can be written as

~r�t� � Cc�c�t; 0��c�0� � Cc
Z
t

0

�c�t; s��Bcnr�s� � B���s�� ds

where �c�t; �� is the state transition matrix of the system (69).
Substituting ~r�t� from Eq. (72) into Eq. (71), we get

K ~r�t; �� � �EfCc�c�t; 0�	c�0�n >r ���g

� E
�
Cc

Z
t

0

�c�t; s�Bcnr�s� dsn>r ���



� E
�
Cc

Z
t

0

�c�t; s�B���s� dsn>r ���



Taking into account the zero-mean property of the noise, Eq. (72)
reduces to

K ~r�t; �� � �Cc
Z
t

0

�c�t; s�BcEfnr�s�n>r ���g ds

��Cc
Z
t

0

�c�t; s�BcKnr �s; ����s � �� ds

Because �c�t; t� � I andZ
t

0

f�s���s � t� ds� f�t�

for any integrable function f�t�, we conclude that

K ~r�t; t� � �CcBcKnr �t; t� � Lf�t�Knr �t; t� (72)

and therefore, the estimator gain matrix can be computed as

Lf�t� � K ~r�t; t�K�1nr �t; t� (73)

It can be verified that the evolution of the estimation error correlation
matrix is described by the differential equation (see, for example,
[26], p. 71)

_K ��t� � Ac�t�K��t� � K��t�A>c �t� � BcKnr �t�B>c
K ~r�t� � CcK��t�C>c

(74)

Remark 6. If we assume a constant correlation matrix Knr for the
measurement noisenr�t�, there exists a steady-state estimator gain in
two cases: in the case of target interception that is solved without an
excitation signal and in the case of formation flight with the constant
reference command Rcom when the intelligent excitation is used. In

these two cases, it can be shown that Ac�t� ! �Ac as t!1, where
�Ac is a constant matrix. Therefore, the steady-state solution can be
found according to equations

0� �AcK� � K� �A>c � BcKnrB>c
Lf � K ~rK

�1
nr
� CcK�C>c K�1nr

(75)

Remark 7. The nonlinear observationmodel in Eq. (51) can lead to
a bias plus a Gaussian noise component. We approximate the
nonlinear functions by the first-order Taylor series expansion, like in
the extended Kalman filter applications (see, for example, [27]). In
this case, in the expression r
�t� � r�t� � nr�t�, the signal nr�t� �
LE=Brf�yI�t�; zI�t�; bI�t��nI�t� is a linear function of zero-mean
Gaussian noise nI�t�. The neglected terms in the preceding
approximation are of higher order in nI�t� and are small for small
values of measurement noise. The zero-mean Gaussian assumption
for nr�t� is not crucial for the stability of the system, because
Theorem 2 guarantees bounded tracking errors for any bounded
noise process nr�t�, whether it has a bias term or not. However, the

error correlation matrix K ~r and, hence, the filter gain matrix Lf, will
be affected. The investigation of this effect is not pursued in the
paper.

VI. Inner-Loop Implementation

In this section, we present the implementation of guidance law
given in Eqs. (55) and (60) based on the state estimate r̂�t�.

A. Reference Command Formulation

The guidance lawVF�t� in Eq. (55) that guarantees tracking of the
maneuvering target subject to Assumption 1, represents the
follower’s desired inertial velocity vector. The aircraft’s actual
control surface deflections must be defined to ensure that the aircraft
center of gravity at every instant of time has that inertial velocity
VF�t�. BecauseVF�t� is a smooth function of t, we can differentiate it
to obtain the inertial acceleration aF�t� for the center of gravity
moving with the velocity VF�t�. Because the analytic differentiation
will involve unknown disturbances through the definitions in
Eqs. (58) and (60), it can be done numerically using, for example, the
technique from [28].

The desired airspeed

Vc � kVF�t�k (76)

the flight path angle

� ��sin�1
�
VFx
Vc

�
(77)

and the azimuth angle


� tan�1
�
VFy
VFy

�
(78)

can be straightforwardly computed. Next, we compute the aircraft’s
desired attitude angles. To this end, recall that the inertial forces
acting on the aerial vehicle can be calculated from Newton’s second
law

F �maF (79)

wherem is the aircraft’s mass. The inertial force can be transformed
into the wind-axis force as follows:

FW � LW=EF (80)

where LW=E is the coordinate transformation matrix from the inertial
frame to the wind frame. It is defined similar to LB=E in Eq. (9) by
replacing the body-axis Euler angles �, �,  by the wind-axis Euler
angles �, �, 
. The angles �, 
 have been already computed, but the
wind-axis roll angle � still needs to be determined. Using the wind-
axis force components [21], we can write the following equation:

T cos� cos� �D �mg sin �
�T cos� sin� � C�mg sin� cos �
�T sin� � L�mg cos� cos �

2
4

3
5� FW (81)

whereT is the thrust,D is the drag,C is the side force,L is the lift,� is
the angle of attack, � is the sideslip angle, and g is the gravity
acceleration. In these three equations, we have seven unknowns: T,
D, C, L, �, �, �. One more equation can be obtained from the
condition that all the turns made by the aircraft need to be perfectly
coordinated [29], that is, the side force is zero. In this case, we can
assume that the sideslip angle can be neglected. Therefore, the
second equation in Eq. (81) reduces to

mg sin� cos � � FWy (82)

from which the desired � can be computed as follows:
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tan��
aFx sin
� aFy cos


aFx sin � cos
� aFy sin � sin
� �aFz � g� cos �

Neglecting� in the remaining two equations in Eq. (81) reduces them
to

T cos � �D�mg sin � � FWx
�T sin� � L�mg cos� cos � � FWz

(83)

where FWx and FWz are the wind-axis force components that are now
available. Here, we recall that the control surface deflections are
primarily moment generators for the conventional aircraft with no
direct force control; therefore, the dependence of the lift and drag
forces on these deflections can be neglected: CD � CD���,
CL � CL��; _�; q�, where CD � �D=qS� and CL � L=�qS� are,
respectively, the drag and lift coefficients, �q� 1

2
�V2

c is the dynamic
pressure, � is the air density, and q is the pitch rate. The presence of q
in the lift coefficient requires differentiation of wind-axis Euler
angles and can be done numerically as it is done in Eq. [28]. In that
case, solving the two equations in Eq. (83) will result in a differential
equation for �. Here, we make a simplifying assumption that the lift
dependence on the angle-of-attack rate and pitch rate is negligible so
that CL � CL��� � CLO � CL��. The drag force can be expressed
using the parabolic drag polar equationCD � CD0 � KC2

L. From the
equations in Eq. (83), we can easily derive the following equation to
be solved for �:

�D sin� � L cos ��
	
FWx �mg sin �



sin�

� �FWz �mg cos� cos �� cos� (84)

With �� 0, the transformation matrix LB=W from the wind to body
axis reduces to

LB=W �
cos� 0 � sin�
0 1 0

sin� 0 cos �

2
4

3
5 (85)

Using the relationship LB=E � LB=WLW=E, the body-axis desired
Euler angles can be computed as follows:

�c � tan�1
�
LB=E�2; 3�
LB=E�3; 3�

�
�c ��sin�1�LB=E�1; 3��

 c � tan�1
�
LB=E�1; 2�
LB=E�1; 1�

� (86)

where LB=E�i; j� denotes the �i; j�th entry of the matrix LB=E.
Remark 8. We can avoid the differentiation of the guidance

commandVF�t� by assuming that it represents the inertial velocity of
the model that moves with zero sideslip and zero angle of attack, that
is, the longitudinal axis of the body (stability) frame of the model is
alignedwith the inertial velocity vectorVF�t� all the time. In this case

�c � �c ��sin�1
�
VEFx
Vc

�
(87)

and

 c � 
c � tan�1
�
VEFy
VEFy

�
(88)

and the aircraft is required to track the reference commands Vc, �c,
 c. Because there are four control inputs to be selected, we can also
satisfy an additional performance specification. For example, we can
require the aircraft turns to be perfectly coordinated. This
requirement imposes a constraint on the roll angle ([29], p. 190) that
can be used to specify the roll reference command:

�c � tan�1
�
=

_ V

g

cos�

cos�

�
(89)

where

= �
�a � b2� � b tan��

���������������������������������������������������������
c�1 � b2� � � _ V�2sin2�=g2

q
a2 � b2�1� ctan2��

V is the airspeed, a� 1 � � _ V=g� tan� sin�, b� sin �= cos�, and

c� 1� � _ V=g�2cos2�. This approach is incorporated in the
simulation example. □

B. Aircraft Model

Consider the dynamic equations of the aircraft written in
combined wind and body axis [29]:

_V�t� � 1

m
��D �mg sin ��t� � T cos��t� cos��t��

_��t� � q�t� � p�t� cos��t� tan��t� � r�t� sin��t� tan��t�
� qw�t� sec��t�

_��t� � rw�t� � p�t� sin��t� � r�t� cos��t�
_�
_�
_ 

2
4

3
5� P�t� p�t�

q�t�
r�t�

2
4

3
5

J
_p�t�
_q�t�
_r�t�

2
4

3
5�� p�t�

q�t�
r�t�

2
4

3
5 � J p�t�

q�t�
r�t�

2
4

3
5� L

M
N

2
4

3
5

(90)

with

P�t� �
1 sin��t� tan ��t� cos��t� tan ��t�
0 cos��t� � sin��t�
0 sin��t� sec ��t� cos��t� sec ��t�

2
4

3
5

rw �
1

mV
��C�mg sin� cos � � T sin� cos��

qw �
1

mV
�L�mg cos� cos � � T sin��

J�
Jxx 0 �Jxz
0 Jyy 0

�Jxz 0 Jzz

2
4

3
5

(91)

wherep is the roll rate, r is the yaw rate, and J is the follower’s inertia
matrix. The body-axis moments are expressed in the form
L� Ln � LT ��l, M�Mn �MT ��m, N �N n �N T�
�n, where Ln, Mn, N n are respective nominal aerodynamic
moments that are known and affine in control surface deflections,
LT ,MT , N T are body-axis moments due to engine thrust, and �l,
�m, �n represent uncertainties in the aerodynamic moments
not accounted for in the nominal moments. They are associated
with the modeling of the aircraft dynamics and the turbulent effect
of the closed coupled formation flight due to the tracking of the
target. In general, these are unknown functions of states ��
V � � p q r
� �> of the system (90) and control

u� �T �a �e �r
� �>: �l�	; u�, �m�	; u�, �n�	; u�. The

aerodynamic forces D, C, L also are assumed to have nominal
known parts Dn, Cn, Ln, and unknown parts �D�	; u�, �C�	; u�,
�L�	; u�. The control algorithm presented next will compensate for
the uncertainties in the aerodynamic drag force and the aerodynamic
moments that are assumed to be bounded and continuous functions
of �, u 2 D, where D is a compact set of respective possible initial
conditions. For these unknown functions, we will use linear in
parameters approximations by neural networks with RBFs in their
hidden layers [30]:
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1

m
�D��; u� �W>D���; u� � �D��; u�

J�1
�l��; u�
�m��; u�
�n��; u�

2
4

3
5� W>l ���; u� � �l��; u�

W>m���; u� � �m��; u�
W>n���; u� � �n��; u�

2
4

3
5

k�D��; u�k 	 �
D; k�l��; u�k 	 �
l
k�m��; u�k 	 �
m; k�n��; u� k	 �
n

(92)

whereW i 2 RNi , i�D, l,m, n, are the vectors of unknown constant
parameters and���; u� is the vector of RBFs. Also, we assume that
the thrust and nominal aerodynamic moments can be represented as
follows

T � 1

2
�V2

FSCT�T �T

Ln �
1

2
�V2

FSb�Cl��; p; r� � Cl�a �a � Cl�r �r�

N n �
1

2
�V2

FSb�Cn��; p; r� � Cn�a �a � Cn�r �r�

Mn �
1

2
�V2

FS �c�Cm�M;�; q� � Cm�e �e�

(93)

Here, S is the aircraft’s reference area,bF is the follower’s wing span,
�c is themean-aerodynamic chord,CT�T ,Cl�a ,Cl�r ,Cn�a ,Cn�r ,Cm�e are

the corresponding control effectiveness, and Cl, Cn, Cm are the
aerodynamic coefficients.

C. Control Design

In this section, we derive the control surface deflection commands
u� �T �e �a �r

� �> to track the desired motion. Because there
are four control inputs, we choseV,�, �, as the regulated outputs to
track the desired velocity and attitude commands Vc, �c, �c,  c in
Eqs. (76–78) and (83). For this purpose, we first derive desired laws
for T,Ln,Mn,N n for the dynamics in Eq. (90) to track the reference
commands �Vc�t�; �c�t�; �c�t�;  c�t��. These can be inverted
afterward to obtain the actual throttle and control surface deflections
using the relationships in Eq. (93).

1. Velocity Control

We start with the first equation in Eq. (90) to design the tracking
control law for the velocity command Vc�t� and set

T�t� � 1

cos��t� cos��t� g sin ��t� �D
n���t�; u�t��

�m�Ŵ>D�t�����t�; u�t�� � kV�V�t� � Vc�t�� � _Vc�t�� (94)

where kV > 0 is the desired time constant (design parameter), and

ŴD�t� is the estimate of the unknown weight vector WD, which is
updated online. Defining the tracking error as eV � V�t� � Vc�t�, the
error dynamics can be written as

_e V�t� � �kVeV�t� � ~W>D�t���	�t�; u�t�� � �D�	�t�; u�t�� (95)

where ~WD�t� � ŴD�t� �WD is the parameter error. The adaptive

law for the estimate ŴD�t� is designed using the following Lyapunov
function candidate

V3�eV; ~WD� �
1

2
e2V�t� � ~W>D�t�G�1D ~WD�t� (96)

whereGD > 0 is the adaptive gain. It is straightforward to verify that
the derivative of V3 along the trajectory of the system (95) satisfies
the inequality

_V 3�t� 	 �kVe2V�t� � eV�t��D���t�; u�t�� (97)

if we set

_̂
W D�t� �GDProj�ŴD�t�; eV�t�����t�; u�t��� (98)

where the projection operator Proj��; �� guarantees boundedness of
the estimate ŴD�t� and, hence, the parameter error ~WD�t�. The
inequality (97) implies that the tracking error is uniformly ultimately
bounded.

2. Orientation Control

Next, we use the block-backstepping technique from [31] to
design the pseudo controls pc�t�, qc�t�, rc�t� for the Euler angles
dynamic equations to track the reference commands �c�t�, �c�t�,
 c�t�. To this end, we set

pc�t�
qc�t�
rc�t�

2
4

3
5�H�t� �k����t� � �c�t�� � _�c�t�

�k����t� � �c�t�� � _�c�t�
�k � �t� �  c�t�� � _ c�t�

2
4

3
5

where k� > 0, k� > 0, k > 0 are the desired time constants (design
parameters), whereas

H�t� �
1 0 � sin ��t�
0 cos��t� sin��t� cos ��t�
0 � sin��t� cos��t� cos ��t�

2
4

3
5

Then, defining the tracking errors as e��t� � ��t� � �c�t�,
e��t� � ��t� � �c�t�, and e �t� �  �t� �  c�t�, the corresponding
error dynamics result in the system

_e��t� � �k�e��t�
_e��t� � �k�e��t�
_e �t� � �k e �t� (99)

which is exponentially stable. Therefore, denoting the corresponding
errors by ep�t� � p�t� � pc�t�, eq�t� � q�t� � qc�t�, and er�t��
r�t� � rc�t�, and designing the nominal aerodynamic moments as

Ln�t�
Mn�t�
N n�t�

2
4

3
5� p�t�

q�t�
r�t�

2
4

3
5 � J p�t�

q�t�
r�t�

2
4

3
5 � JP�t� e��t�

e��t�
e �t�

2
4

3
5

� J
Ŵ l�t�>���; u�
Ŵm�t�>���; u�
Ŵn�t�>���; u�

2
4

3
5� J �kpep�t� � _pc�t�

�kqeq�t� � _qc�t�
�krer�t� � _rc�t�

2
4

3
5

(100)

where kp > 0, kr > 0, kq > 0 are the desired time constants (design

parameters) and Ŵ l�t�, Ŵm�t�, Ŵn�t� are, respectively, the estimates
of the unknown weight vectorsW l,Wm,Wn that are updated online,
the overall error dynamics can be written as follows

_e��t�
_e��t�
_e �t�

2
4

3
5� �k�e��t�

�k�e��t�
�k e �t�

2
4

3
5� P�t� ep�t�

eq�t�
er�t�

2
4

3
5

_ep�t�
_eq�t�
_er�t�

2
4

3
5� �kpep�t�

�kqeq�t�
�krer�t�

2
4

3
5 � P�t� e��t�

e��t�
e �t�

2
4

3
5

�
~W>l �t���	�t�; u�t�� � �l�	�t�; u�t��
~W>m�t���	�t�; u�t�� � �m�	�t�; u�t��
~W>n �t���	�t�; u�t�� � �n�	�t�; u�t��

2
4

3
5

(101)

where ~W l�t� � Ŵ l�t� �W l, ~Wm�t� � Ŵm�t� �Wm, and ~Wn�t� �
Ŵn�t� �Wn are the parameter estimation errors.

Consider the following Lyapunov function candidate for the error
dynamics in Eq. (101):
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V4�e�; e�; e ; ep; eq; er; ~W l; ~Wm; ~Wn� �
1

2
e2��t� �

1

2
e2��t�

� 1

2
e2 �t� �

1

2
e2p�t� �

1

2
e2q�t� �

1

2
e2r�t� � ~W>l �t�G�1p ~W l�t�

� ~W>m�t�G�1q ~Wm�t� � ~W>n �t�G�1r ~Wn�t�
(102)

where Gl > 0, Gm > 0, Gn > 0 are the adaptive gains. If we define

the adaptive laws for the estimates Ŵ l�t�, Ŵm�t�, and Ŵn�t� as

_̂
W l�t� �GpProj�Ŵ l�t�; ep�t�����t�; u�t���

_̂
Wm�t� �GqProj�Ŵm�t�; eq�t�����t�; u�t���
_̂
Wn�t� �GrProj�Ŵn�t�; er�t�����t�; u�t���

(103)

then it can be verified that

_V4�t� 	 �k�e2��t� � k�e2��t� � k e2 �t� � kpe2p�t�
� ep�t��l���t�; u�t�� � kqe2q�t� � eq�t��m���t�; u�t��
� kre2r�t� � er�t��n���t�; u�t�� (104)

Taking into account the uniform bounds on the function
approximation errors in Eq. (92), the following upper bound can be
written

_V4�t� 	 �k�e2��t� � k�e2��t� � k e2 �t� � jep�t�j�kpjep�t�j � �
l �
� jeq�t�j�kqjeq�t�j � �
m� � jer�t�j�krjer�t�j � �
n� (105)

It follows that _V4 	 0 outside the compact region

��fjep�t�j 	 k�1p �
l ; jeq�t�j 	 k�1q �
m; jer�t�j 	 k�1r �
n;k ~W i�t� k
	W
i ; i� l;m;ng (106)

where the boundsW
i are guaranteed by the projection operator used
in the adaptive laws in Eq. (103).

The throttle and control surface deflections are easily found by
solving the Eqs. (94) and (100) for �T , �a, �e, �r, because the nominal
aerodynamic moments are assumed to have linear representations in
stability derivatives. The implementation architecture is schemati-
cally displayed in Fig. 3. The derivation of the control laws is
summarized in the following theorem.

Theorem 3. The aircraft thrust and the aerodynamic moments
defined in Eqs. (94) and (100) along with the adaptive laws in
Eqs. (98) and (103) guarantee tracking of the reference commands
Vc�t�, �c�t�, �c�t�,  c�t� with uniformly ultimately bounded errors.

If the approximation errors are zero, i.e., �i�x� � 0, i�D, l,m, n,
then it follows from Eqs. (97) and (105) that for all ��t�, _V3�t� 	 0

and _V4�t� 	 0. Using Barbalat’s lemma, one can show that the
tracking error converges to zero asymptotically.

Remark 9. The control laws in Eqs. (94) and (100) contain the
derivatives of the reference commands Vc�t�, �c�t�, �c�t�,  c�t� that
involve unknown disturbance d�t� through the guidance law in
Eq. (55). One can prefilter the reference commands Vc�t�, �c�t�,
�c�t�,  c�t� by a stable low-pass filter. For instance, for the V�t�
dynamics, one can set

_V m�t� � ��V �Vm�t� � Vc�t�� (107)

where �V > 0 is a constant. In the control law in Eq. (94) one can use

Vm�t� instead of Vc�t�, and replace the derivative _Vm�t� by the right-
hand side of Eq. (107). To remove the steady-state error, one can
define the integral error

VI�t� �
Z
t

0

Vm��� � Vc���

and write the extended dynamics

_VI�t� � Vm�t� � Vc�t�
_Vm�t� � �2�u!V �Vm�t� � Vc�t�� � !2

VVI
(108)

where �V , !V are the desired damping ratio and frequency (design
parameters). Again, the command Vc�t� can be replaced by Vm�t� in
the control law in Eq. (94), its derivative being calculated according
to the dynamics in Eq. (108).

VII. Simulation

The proposed algorithm is simulated for a small UAVmodel with
the following parameters: m� 0:6293 slugs, J�
�0:1230 0 0; 0 0:1747 0; 0 0 0:2553�slugs:ft2, S�
11:5 ft2, c� 1:2547 ft, bF � 9:1 ft. For the target model, a UAV
is chosen with a wing span (maximal size) of 8 ft. The target starts
motion from the straight level flight with the velocity of VT�0� �
50 0 0
� �> ft=s from the position RT�0��
200 30 �20
� �> ft, where the origin of the inertial frame is
placed in the follower’s initial position. It makes turning, climbing,
diving, and linearly acceleratingmaneuvers on the first 117 swith the
speed ranging from 35 to 60 ft=s. Then it maintains a constant
velocity VT � 0 �50 0

� �> ft=s. The target’s maneuvers satisfy
L2 requirement, because they take place on finite time interval. The
follower is initially in straight level flight with the initial velocity
VF�0� � 50 0 0

� �> ft=s and is commanded to maintain the

relative coordinates Rcom � 32 8 0
� �> ft. The initial estimation

of bT is set to b̂�0� � 5 ft and the initial estimation of d is set to

d̂�0� � VF�0�=b̂�0�. The excitation signal is added to the Rcy
coordinate according to [12] with the following amplitude:

a�t� �

8<
:
k1; t 2 �0; T�
min

�
k2
R
t
t�T ke���k2 d�; k1 � k3



� k3; t � T

(109)

where T � 2�=! is the period of the excitation signal

sE � a�t� sin�!t� (110)

ki > 0, i� 1, 2, 3 are design constants set to T � 3 s, k1 � 0:4,
k2 � 500, k3 � 0. In general, k3 should be a small positive number,
but in the case of measurement noise there is always enough
excitation, and so it can be set to zero.

In simulations, no cameramodel is used. Instead, the tracking error
is formed according to the equation

e �t� � 1

bT
�RT�t� � RF�t�� � r̂com�t� � nr�t� (111)

where nr�t� is a Gaussian white noise with SNR� 50 in all
components. The initial conditions for the estimator are set equal to
r̂�0� � r�0� � �1=bT��RT�0� � RF�0��. A prefilter is used for the
command shaping with the poles of �0:2 and with the initial

Fig. 3 Control system schematics.
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condition r�0�. The desired inertial velocity is computed according to
the guidance law in Eq. (55) alongwith the adaptive laws in Eq. (60),
where the state estimate r̂�t� is used, which is computed according to
dynamics in Eq. (54). The airspeed command is computed according
to Eq. (76) and the attitude angle commands are computed according
to Eqs. (87–89).

Figure 4 shows that the guidance law is able to capture, after a short
transient, the target’s velocity profile with a small lag, which
disappears when the target maintains a constant velocity. The
parameter convergence is shown in Fig. 5. The target’s size
estimation gradually converges to the true value. The system output
tracking is demonstrated in Fig. 6. The large discrepancy in y and z
directions are due to the target’s turning maneuvers in the horizontal
plane and in the vertical direction. The resulting deflection
commands are displayed in Fig. 7. The overall responses to the
commands are represented in Figs. 8 and 9. The angles of attack and
sideslip are in the acceptable range although are not controlled
directly (Fig. 10). The angular rates have a good response after a
small initial transient. The initial transient in all variables is due to a
large initial relative separation compared with the reference
command.

VIII. Conclusions

An adaptive control framework that rejects time-varying
disturbances is proposed to solve the tracking problem of a
maneuvering target using only visual measurement. Although no
direct measurement of the relative range is available, it is shown that
the measurements of the image length and image centroid
coordinates, obtained through the visual sensor, enable the follower
to maintain the desired relative position with respect to the target in
the presence of measurement noise, provided that the reference
command has an additive intelligent excitation signal. It is shown
that the latter is not required for the target interception problem. The
methodology is limited to target maneuvers with a velocity that can
be decomposed into a constant plus an L1

T
L2 term.

Appendix: Projection Operator

The projection operator introduced in [23] ensures boundedness of
the parameter estimates by definition. We recall the main definition
from [23].

Definition 1. Consider a convex compact set with a smooth
boundary given by

�c ≜ f� 2 Rn j f��� 	 cg; 0 	 c 	 1 (A1)

where f: Rn ! R is the following smooth convex function:

f��� � �
>� � �2max

��
(A2)

where �max > 0 is the norm bound imposed on the parameter vector
�, and 0< �� < 1 denotes the convergence tolerance of our choice.
For any given y 2 Rn, the projection operator is defined as

Proj ��; y� �

8<
:
y if f���< 0

y if f��� � 0;rf>y 	 0

y � g�f; y� if f��� � 0;rf>y> 0

where

g �f; y� � rfrf
>y

krfk2 f��� (A3)

□

The properties of the projection operator are given by the
following lemma:

Lemma 5. Let �
 2 �0 � f� 2 Rn j f��� 	 0g, and let the
parameter ��t� evolve according to the following dynamics:

_��t� � Proj���t�; y�; ��t0� 2 �c (A4)

Then,

� �t� 2 �c (A5)

for all t � t0, and
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Fig. 10 Wind frame velocity components.
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h�;y ≜ ���t� � �
�>�Proj���t�; y� � y� 	 0 (A6)

FromDefinition 1, it follows that y is not altered if � belongs to the
set �0. In the set f0 	 f��� 	 1g, Proj��; y� subtracts a vector
normal to the boundary of�c so that we get a smooth transformation
from the original vector field y to an inward or tangent vector field for

c� 1. Therefore, on the boundary of�c, _��t� always points toward
the inside of �c and ��t� never leaves the set �c, which is the first
property.

From the convexity of function f���, it follows that for any

�
 2 �0 and � 2 �c, the inequality l� ≜ �� � �
�>rf��� 	 0
holds. Then, from Definition 1 it follows that

h�;y �

8>>><
>>>:
0; if f�< 0

0; if f � 0; rf>y 	 0
l�|{z}
	0

rfTy|{z}
�0

f���|{z}
�0

krfk2 ; if f � 0; rf>y> 0

The second property follows.

The function fd�d̂� in the adaptive laws for the estimate d̂�t� is
defined as usual by

fd�d̂� �
d̂
>
d̂ � d2

�d

(A7)

FromLemma 5, it follows that the adaptive laws in Eqs. (17) and (60)
guarantee the following inequalities:

kd̂�t�k 	 d

~d
>�t��Proj�d̂�t�; e�t�� � e�t�� 	 0

~d
>�t��Proj�d̂�t�; B>a Pa�
a�t�� � B>a Pa�
a�t�� 	 0

(A8)

provided that d̂�0� 2 �0
d.

We can impose some conservative lower and upper bounds on the
parameter bT in the following form: 0< bmin 	 bT 	 bmax.

Therefore, the function fb�b̂� in the adaptive law for the estimate b̂
can be defined as

fb�b̂� �
�b̂ � �bmax � bmin�=2�2 � ��bmax � bmin�=2�2

�b
(A9)

where �b denotes the convergence tolerance of our choice.According
to Lemma 5 it follows that the adaptive laws in Eqs. (17) and (60)
guarantee the following inequalities:

bmin 	 b̂�t� 	 bmax

~b�t��Proj�b̂�t�; e>�t�g�t�� � e>�t�g�t�� 	 0

~b�t��Proj�b̂�t�; g�t�>B>a Pa�
a�t�� � g�t�>B>a Pa�
a�t�� 	 0

(A10)

provided that b̂�0� 2 �0
b.
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